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a b s t r a c t
An attractive method for approximating rational triangular Bézier surfaces by polynomial
triangular Bézier surfaces is introduced. The main result is that the arbitrary given order
derived vectors of a polynomial triangular surface converge uniformly to those of the
approximated rational triangular Bézier surface as the elevated degree tends to infinity.
The polynomial triangular surface is constructed as follows. Firstly, we elevate the degree
of the approximated rational triangular Bézier surface, then a polynomial triangular Bézier
surface is produced, which has the same order and new control points of the degree-
elevated rational surface. The approximation method has theoretical significance and
application value: it solves two shortcomings-fussy expression and uninsured convergence
of the approximation-of Hybrid algorithms for rational polynomial curves and surfaces
approximation.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Rational curves and surfaces not only are the most natural generalization of Bézier curves and surfaces, but they can be
expressed as conical curves, conicoids, free curves and surfaces in unified forms. However, it is found to be inconvenient to
apply rational polynomials immediately in practical applications. The reason is that the integral operation and differential
operation have become complicated, and it is difficult to communicate and transfer data straightforwardly between design
systems based on polynomial surfaces and rational surfaces.
In order to solve the two problems above, Sederberg and Kakimoto [1] put forward Hybrid algorithms for approximating
rational polynomial curves for the first time in 1991. Henceforth, further works emerged in succession.Wang and Sederberg
[2] applied this method to the approximate algorithm of rational Bézier curves’ correlated integrations. Wang et al. [3]
have obtained the recursive algorithm of control points of Hybrid curves and the convergence condition of the Hybrid
approximation of rational curves. Error bounds for the approximation to the moving control points of Hybrid curves were
attained in [4]. Another recursive formula for the Hermite polynomial approximation to rational Bézier curves has been
derived [5]. Using Hermite approximation, Floater [6] interpolated rational parametric curves by polynomials of lower
degree. In [7], the authors presented the Hybrid approximation to rational triangular Bézier surfaces.
However, Hybrid algorithms which we mentioned above not only have complicated expressions, but also they can
not insure the convergence of the approximation. Therefore, we need to improve it, especially for the Hybrid algorithm
of rational triangular Bézier surfaces. It’s just because that rational triangular Bézier surfaces are the most natural
generalization of Bézier curves and offer a variety of applications for their flexible forms. Besides, they acclimatize
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themselves easily to scattered data interpolation and surface design on arbitrary topologymesh [8]. From the above, we can
see that rational triangular Bézier surfaces have more widely application than tensor Bézier surfaces in geometric model
design systems.
Enlightened by [9], this paper provides a new algorithm for approximating rational triangular Bézier surfaces by using
polynomial triangular Bézier surfaces from a bran-new viewpoint, which primely overcomes limitations of ever Hybrid
approximation to rational curves and surfaces. The main idea of our approach is to yield a polynomial triangular Bézier
surface as the approximating surface, which has new control points and the same degree of the degree-elevated rational
triangular Bézier surfaces, and this approximation can be named as degree-elevated vertices approximation. An important
conclusion of Theorem A on this new approximation is predicated in Section 2. That is, the arbitrary order derived vectors
of polynomial triangular Bézier surfaces constructed as above, necessarily converge uniformly to the same order derived
vectors of the approximated rational triangular Bézier surfaces. Afterwards, the remaining sections expand on the proof of
Theorem A. In Section 3, we prove the property that the control vertices sequence, of continuously degree-elevated rational
triangular Bézier surfaces, approximates to the original rational triangular Bézier surface. Section 4 presents an important
property of Bernstein polynomials, which makes a point for Section 5. Based on the results in Section 3 and Section 4, we
further testify Theorem A in Section 5.
2. An important approximation theorem on degree-elevated control vertices of polynomial rational triangular Bézier
surfaces
Definition 1. Suppose Ri,j,m = (xi,j,m, yi,j,m, zi,j,m) be (m+1)(m+2)/2 point vectors in R3. Then a rational triangular Bézier
surface of degreem, defined on a triangular domain D : {(u, v)|u, v ≥ 0, u+ v ≤ 1}, is given by [8]
R(u, v) = Rm(u, v) =
m∑
i+j=0
wi,j,mRi,j,mBi,j,m(u, v)
m∑
i+j=0
wi,j,mBi,j,m(u, v)
, (u, v) ∈ D, (1)
wherewi,j,m is the weight associated with the control vertex Ri,j,m, andmth degree Bernstein polynomials are defined by
Bi,j,m(u, v) =
(
m
i, j
)
uivj(1− u− v)m−i−j,(
m
i, j
)
= m!
i!j!(m− i− j)! , i, j ≥ 0, i+ j ≤ m.
(2)
Continuously degree-elevate the surface defined by (1) to nth rational triangular Bézier surface (n ≥ m):
R(u, v) = Rn(u, v) =
n∑
i+j=0
wi,j,nRi,j,nBi,j,n(u, v)
n∑
i+j=0
wi,j,nBi,j,n(u, v)
, (u, v) ∈ D. (3)
Here,wi,j,n is the weight and Ri,j,n, i, j ≥ 0, i+ j ≤ n, construct the control polygon.
The nth degree polynomial triangular Bézier surface bn(u, v) = ∑ni+j=0 Ri,j,n · Bi,j,n(u, v), with Ri,j,n being its control
vertex, is constructed to approximate the original rational triangular Bézier surfaces R(u, v). Thenwe assert that the surface
sequence {bn(u, v)} has the following property, which will be proved in Section 5.
Theorem A. Given nonnegative integers h and r, then h order partial derivative vectors of surface sequence {bn(u, v)} of two
variables, differentiating r times with respect to u and h− r times with respect to v, converge uniformly to the same order partial
derivative vectors of the original rational triangular Bézier surface R(u, v). In other words,
∂hbn(u, v)
∂ur∂vh−r
⇒
∂hR(u, v)
∂ur∂vh−r
(n→∞, (u, v) ∈ D,∀h ≥ 0,∀r ∈ [0, h]).
3. The property of control vertices of degree-elevated surfaces
Theorem 1. Denote ui,n = i/n, vj,n = j/n, then the control vertices sequence {Ri,j,n}(i, j ≥ 0, i+ j ≤ n; n = m,m+ 1, . . .), of
continuously degree-elevated mth rational triangular Bézier surfaces, converges uniformly to the original surface. That is,
Ri,j,n ⇒ R(ui,n, vj,n), for n→∞.
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In order to prove Theorem 1, we introduce the following two lemmas.
Lemma 1. Supposewi,j,n and Ri,j,n (i, j ≥ 0, i+ j ≤ n) are the weights and control vertices defined by (3), then
wi,j,n =
m∑
s+t=0
ws,t,m
(
m
s, t
)(
n−m
i− s, j− t
)/(
n
i, j
)
, (4)
Ri,j,n = 1
wi,j,n
{
m∑
s+t=0
ws,t,mRs,t,m
(
m
s, t
)(
n−m
i− s, j− t
)/(
n
i, j
)}
. (5)
Proof. Only (4) is proved and (5) can be proved analogously.
We already see that
wi,j,m+1 = im+ 1wi−1,j,m +
j
m+ 1wi,j−1,m +
m+ 1− i− j
m+ 1 wi,j,m,
i.e., the conclusion holds when n−m = 1.
By induction, we assume that for arbitrary n − m = k, the conclusion is true. Let’s derive n − m = k + 1 from this
assumption:
wi,j,m+k+1 = im+ k+ 1wi−1,j,m+k +
j
m+ k+ 1wi,j−1,m+k +
m+ k+ 1− i− j
m+ k+ 1 wi,j,m+k
= i
m+ k+ 1
{
m∑
s+t=0
ws,t,m
(
m
s, t
)(
k
i− 1− s, j− t
)/(
m+ k
i− 1, j
)}
+ j
m+ k+ 1
{
m∑
s+t=0
ws,t,m
(
m
s, t
)(
k
i− s, j− 1− t
)/(
m+ k
i, j− 1
)}
+ m+ k+ 1− i− j
m+ k+ 1
{
m∑
s+t=0
ws,t,m
(
m
s, t
)(
k
i− s, j− t
)/(
m+ k
i, j
)}
=
m∑
s+t=0
ws,t,m
(
m
s, t
)(
k+ 1
i− s, j− t
)/(
m+ k+ 1
i, j
)
,
which exactly means the conclusion is true when n−m = k+ 1. So it follows the Eq. (4). 
Lemma 2. Let (i/n, j/n)→ (u, v) for n→∞ and i, j, s, t, n,m are the same as in Lemma 1, then
lim
( in ,
j
n )→(u,v)
(
n−m
i− s, j− t
)/(
n
i, j
)
= usvt(1− u− v)m−s−t . (6)
Proof. According to Stirling formula [10]:
lim
n→∞
n!√
2pinn+1/2e−n
= 1,
we know that
lim
n→∞
(
n−m
i− s, j− t
)/(
n
i, j
)
= lim
n→∞
(n−m)n−miijj(n− i− j)n−i−j
(i− s)i−s(j− t)j−tnn(n−m+ s+ t − i− j)n−m+s+t−i−j
= lim
n→∞
(
n−m
n
)n−m ( i
n
)s ( j
n
)t (
1− i
n
− j
n
)m−s−t ( i
i− s
)i−s
×
(
j
j− t
)j−t ( n− i− j
n−m+ s+ t − i− j
)n−m+s+t−i−j
.
Combining with the equality:
lim
n→∞
(
1+ 1
n
)n
= e,
we obtain (6) after rearranging. 
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Based on Lemmas 1 and 2, it can be seen that
lim
( in ,
j
n )→(u,v)
Ri,j,n = lim
( in ,
j
n )→(u,v)
1
wi,j,n
{
m∑
s+t=0
ws,t,mRs,t,m
(
m
s, t
)(
n−m
i− s, j− t
)/(
n
i, j
)}
=
m∑
s+t=0
ws,t,mRs,t,mBs,t,m(u, v)
/ m∑
s+t=0
ws,t,mBs,t,m(u, v)
= R(ui,n, vj,n),
which indicates that Theorem 1 comes into existence.
4. An important property of Bernstein polynomials
Rewrite the nth rational triangular Bézier surface defined by (1) as the same degree rational triangular Bézier function
R(u, v), then we define the bivariate Bernstein polynomial associated with it as
Bn(R) =
n∑
i+j=0
R
(
i
n
,
j
n
)
Bi,j,n(u, v). (7)
Denote
R(r,h−r) = ∂
hR(u, v)
∂ur∂vh−r
(r = 0, 1, . . . , h).
Lemma 3. Suppose u, v and Bi,j,n(u, v) are the same as in Definition 1, then
n∑
i+j=0
(nu− i)2Bi,j,n(u, v) = nu(1− u),
n∑
i+j=0
(nv − j)2Bi,j,n(u, v) = nv(1− v).
The proof is omitted.
We define (0 ≤ r ≤ h)
A(r,h−r)i,j = 4h−r2 4r1
(
R
(
i
n
,
j
n
))
=
r∑
α=0
h−r∑
β=0
(−1)α+β
( r
α
)(h− r
β
)
R
(
i+ r − α
n
,
j+ h− r − β
n
)
.
Then it can be easily to deduce the following two theorems by induction.
Lemma 4. Given nonnegative integers h, r(0 ≤ r ≤ h) and (u, v) ∈ D, then h order partial derivatives of (7) are
B(r,h−r)n (R) = h!
(n
h
) n−h∑
i+j=0
Bi,j,n−h(u, v)A(r,h−r)i,j ,
where
B(r,h−r)n (R) =
∂h[Bn(R)]
∂ur∂vh−r
.
Lemma 5. Define r and h as Lemma 4. If 0 ≤ i + j ≤ n − h and R(u, v) is a Ch function for two variables u and v in D, then
there exist two real numbers ξ = ξ(i) and γ = γ (j) such that 0 < ξ < 1, 0 < γ < 1, and
A(r,h−r)i,j =
1
nh
R(r,h−r)
(
i+ ξ r
n
,
j+ γ (h− r)
n
)
.
The following lemma is a basis for the proof of an important property of bivariate Bernstein polynomials (7). Enlightened
by [11] we find that
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Lemma 6. Let d, pi1, . . . , pi6 be arbitrary positive numbers and r and h be the same as in Lemma 4. For 0 ≤ i+ j ≤ n− h, fixed
u and v in D, let p(i, j) depend upon i and j such that
|p(i, j)| ≤ pi1 for
∣∣∣∣u− in− r
∣∣∣∣ ≤ d and ∣∣∣∣v − jn− h+ r
∣∣∣∣ ≤ d; (8)
|p(i, j)| ≤ pi2 for
∣∣∣∣u− in− r
∣∣∣∣ > d and ∣∣∣∣v − jn− h+ r
∣∣∣∣ > d. (9)
Furthermore, assume p(i, j) = p′′(i, j) + p′(i) = q′′(i, j) + q′(j), where p′(i) and q′(j) are the terms independent of j and i,
respectively, such that
|p′′(i, j)| ≤ pi3 for
∣∣∣∣u− in− r
∣∣∣∣ ≤ d and ∣∣∣∣v − jn− h+ r
∣∣∣∣ > d; (10)
|p′(i)| ≤ pi4 for
∣∣∣∣u− in− r
∣∣∣∣ ≤ d; (11)
|q′′(i, j)| ≤ pi5 for
∣∣∣∣u− in− r
∣∣∣∣ > d and ∣∣∣∣v − jn− h+ r
∣∣∣∣ ≤ d; (12)
|q′(j)| ≤ pi6 for
∣∣∣∣v − jn− h+ r
∣∣∣∣ ≤ d. (13)
Then it can be found that∣∣∣∣∣ n−h∑
i+j=0
p(i, j)Bi,j,n−h(u, v)
∣∣∣∣∣ = pi1 + pi4 + pi6 + o(n), n→∞. (14)
Proof. Consider the inequality∣∣∣∣∣ n−h∑
i+j=0
p(i, j)Bi,j,n−h(u, v)
∣∣∣∣∣ ≤ ∑∣∣∣u− in−r ∣∣∣≤d∣∣∣v− jn−h+r ∣∣∣≤d
|p(i, j)|Bi,j,n−h(u, v)+
∑
∣∣∣u− in−r ∣∣∣≤d∣∣∣v− jn−h+r ∣∣∣>d
|p′′(i, j)+ p′(i)|Bi,j,n−h(u, v)
+
∑
∣∣∣u− in−r ∣∣∣>d∣∣∣v− jn−h+r ∣∣∣>d
|p(i, j)|Bi,j,n−h(u, v)+
∑
∣∣∣u− in−r ∣∣∣>d∣∣∣v− jn−h+r ∣∣∣≤d
|q′′(i, j)+ q′(j)|Bi,j,n−h(u, v)
= P1 + P2 + P3 + P4.
We will analyze P1, P2, P3, P4 as follows:
1)
P1 ≤ pi1
∑
∣∣∣u− in−r ∣∣∣≤d∣∣∣v− jn−h+r ∣∣∣≤d
Bi,j,n−h(u, v) ≤ pi1
n−h∑
i+j=0
Bi,j,n−h(u, v) = pi1,
therefore P1 ≤ pi1.
2) From (9) it can be seen that
[u(n− r)− i]2
2(n− r)2d2 +
[v(n− h+ r)− j]2
2(n− h+ r)2d2 > 1,
thereby
|p(i, j)| ≤ pi2 < pi2
{ [u(n− r)− i]2
2(n− r)2d2 +
[v(n− h+ r)− j]2
2(n− h+ r)2d2
}
.
Hence,
P3 ≤ pi22d2
n−h∑
i+j=0
{ [u(n− r)− i]2
(n− r)2 +
[v(n− h+ r)− j]2
(n− h+ r)2
}
Bi,j,n−h(u, v)
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= pi2
2d2
{ [(n− h)(n− h− 1)− (n− r)(n+ r − 2h)]u2 + (n− h)u
(n− r)2
+ [(n− h)(n− h− 1)+ (n+ r − h)(r + h− n)]v
2 + (n− h)v
(n− h+ r)2
}
= pi2
2d2
{P31 + P32}.
Firstly we consider P31. Assume P31 = f (u)/(n− r)2 and after computation we have
f ′(u) = 2[(n− h)(n− h− 1)− (n− r)(n+ r − 2h)]u+ (n− h).
Then, for n > (h− r)2 + h, f (u) achieves the maximum value at
u = n− h
2[(n− r)(n+ r − 2h)− (n− h)(n− h− 1)] .
That is,
f (u)max = (n− h)
2
4[(n− r)(n+ r − 2h)− (n− h)(n− h− 1)] .
Therefore,
P31 ≤ 14[n− (h− r)2 − h] .
For n ≤ (h− r)2 + h, it follows that
P31 ≤ h− rn− r .
Secondly, P32 can be deduced analogously to P31. That is,
P32 ≤ 14(n− r2 − h) , when n > r
2 + h;
P32 ≤ rn− h+ r , when n ≤ r
2 + h.
To sum up, we have P3 = o(n) (n→∞).
3) In similar fashion, noticing (10)–(13) we extrapolate that
P2 = pi4 + o(n), P4 = pi6 + o(n), for n→∞.
Finally, by 1), 2) and 3), we complete the proof of this lemma. 
We will present an important property of bivariate Bernstein polynomials (7).
Theorem 2. r and h are defined as the same as in Lemma 4 and Bn(R) as (7). Let R(u, v) be a Ch function for two variables u and
v in domain D. Thereby
B(r,h−r)n (R) ⇒ R
(r,h−r), n→∞.
Proof. According to Lemmas 4 and 5 we can see that∣∣B(r,h−r)n (R)− R(r,h−r)∣∣ ≤
∣∣∣∣∣ n−h∑
i+j=0
[
1− n!
(n− h)!nh
]
R(r,h−r)
(
i+ ξ r
n
,
j+ γ (h− r)
n
)
Bi,j,n−h(u, v)
∣∣∣∣∣
+
∣∣∣∣∣ n−h∑
i+j=0
[
R(r,h−r)
(
i+ ξ r
n
,
j+ γ (h− r)
n
)
− R(r,h−r)(u, v)
]
Bi,j,n−h(u, v)
∣∣∣∣∣
= Q1 + Q2.
(1) We first estimate Q2. Assume R(r,h−r)(u, v) = ϕ(u, v). Since ϕ(u, v) is continuous for u and v in closed domain D, then
ϕ(u, v) is uniformly continuous and bounded on D. In other words, for every ε > 0, there exists δ(ε) > 0 such that
|ϕ(u, v)− ϕ(u0, v0)| < ε6 , (15)
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for
|u− u0| ≤ δ(ε)2 , |v − v0| ≤
δ(ε)
2
, (u0, v0) ∈ D.
Further supposeMh = max(u,v)∈D |ϕ(u, v)|, then we have
|ϕ(u, v)| ≤ Mh. (16)
If i, n and r are positive numbers, which satisfy 0 ≤ i ≤ n− r , then there exists 0 < ξ < 1 such that∣∣∣∣ in− r − i+ ξ rn
∣∣∣∣ < rn . (17)
If j, n, h and r are positive numbers satisfying 0 ≤ j ≤ n− (h− r), then there is 0 < γ < 1 such that∣∣∣∣ jn− h+ r − j+ γ (h− r)n
∣∣∣∣ < h− rn . (18)
Now fixup u, and find i ∈ [0, n− 1] to meet with |u− i/(n− r)| ≤ δ(ε)/2, then by (17) it can be attained that∣∣∣∣u− i+ ξ rn
∣∣∣∣ ≤ δ(ε)2 + rn .
If take N1ε > 2r/δ(ε)+ r , then we obtain r/n < δ(ε)/2 for n > N1ε , therefore∣∣∣∣u− i+ ξ rn
∣∣∣∣ ≤ δ(ε), n > N1ε. (19)
In the samemanner as above, fixup v and find j ∈ [0, n−1] such that |v − j/(n− h+ r)| ≤ δ(ε)/2, then by (18) we find
that ∣∣∣∣v − j+ γ (h− r)n
∣∣∣∣ ≤ δ(ε)2 + h− rn .
Take N2ε > 2(h− r)/δ(ε)+ h− r , we have (h− r)/n < δ(ε)/2 for n > N2ε , consequently∣∣∣∣v − j+ γ (h− r)n
∣∣∣∣ ≤ δ(ε), n > N2ε. (20)
Choose u0 = (i+ ξ r)/n, v0 = [j+ γ (h− r)]/n in (15), then from (19) and (20) it follows that∣∣∣∣ϕ( i+ ξ rn , j+ γ (h− r)n
)
− ϕ(u, v)
∣∣∣∣ < ε6 , (21)
if n > N3ε = max(N1ε,N2ε), and∣∣∣∣u− i+ ξ rn
∣∣∣∣ ≤ δ(ε)2 ,
∣∣∣∣v − j+ γ (h− r)n
∣∣∣∣ ≤ δ(ε)2 .
We define four data sets as follows:
Ωn−r : summation for all i such that
∣∣∣∣u− in− r
∣∣∣∣ ≤ δ(ε)2 ;
Ω ′n−r : summation for all i such that
∣∣∣∣u− in− r
∣∣∣∣ > δ(ε)2 ;
Ωn−h+r : summation for all j such that
∣∣∣∣v − jn− h+ r
∣∣∣∣ ≤ δ(ε)2 ;
Ω ′n−h+r : summation for all j such that
∣∣∣∣v − jn− h+ r
∣∣∣∣ > δ(ε)2 .
Well then,
Q2 ≤
∑
Ωn−r
Ωn−h+r
∣∣∣∣ϕ( i+ ξ rn , j+ γ (h− r)n
)
− ϕ(u, v)
∣∣∣∣ Bi,j,n−h(u, v)
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+
∑
Ω′n−r
Ω′n−h+r
∣∣∣∣ϕ( i+ ξ rn , j+ γ (h− r)n
)
− ϕ(u, v)
∣∣∣∣ Bi,j,n−h(u, v)
+
∑
Ωn−r
Ω′n−h+r
∣∣∣∣ϕ( i+ ξ rn , j+ γ (h− r)n
)
− ϕ
(
i+ ξ r
n
, v
)∣∣∣∣ Bi,j,n−h(u, v)
+
∑
Ωn−r
Ω′n−h+r
∣∣∣∣ϕ( i+ ξ rn , v
)
− ϕ(u, v)
∣∣∣∣ Bi,j,n−h(u, v)
+
∑
Ω′n−r
Ωn−h+r
∣∣∣∣ϕ( i+ ξ rn , j+ γ (h− r)n
)
− ϕ
(
u,
j+ γ (h− r)
n
)∣∣∣∣ Bi,j,n−h(u, v)
+
∑
Ω′n−r
Ωn−h+r
∣∣∣∣ϕ(u, j+ γ (h− r)n
)
− ϕ(u, v)
∣∣∣∣ Bi,j,n−h(u, v)
= Q21 + Q22 + Q23 + Q24 + Q25 + Q26. (22)
Based on (16) and (21) we suppose
p(i, j) = ϕ
(
i+ ξ r
n
,
j+ γ (h− r)
n
)
− ϕ(u, v), d = δ(ε)
2
,
pi1 = pi4 = pi6 = ε6 , pi2 = pi3 = pi5 = 2M
h,
then (22) satisfies the hypotheses of Lemma 6. Hence, there exists N4ε > 0 such that Q22 + Q23 + Q25 < ε/3 for every
n > N4ε . So (22) becomes
Q2 <
ε
6
× 3+ ε
3
= 5ε
6
for every n > N ′ε = max(N3ε,N4ε).
(2) Estimate Q1 again. We notice that there exists N ′′ε > h to meet with∣∣∣∣1− n!(n− h)!nh
∣∣∣∣ < ε6Mh
for every n > N ′′ε , which makes
Q1 <
ε
6Mh
n−h∑
i+j=0
∣∣∣∣R(r,h−r) ( i+ ξ rn , j+ γ (h− r)n
)∣∣∣∣ Bi,j,n−h(u, v).
That is, Q1 < ε/6.
To sum up, we know that there exists ε > 0, when n > Nε = max(N ′ε,N ′′ε ) it can be found that∣∣B(r,h−r)n (R)− R(r,h−r)∣∣ < ε. 
5. Proof of Theorem A
Due to Lemmas 4 and 5 and Theorem 1,
lim
n→∞4
h−r
2 4r1
(
Ri,j,n
) = lim
n→∞4
h−r
2 4r1
(
R
(
i
n
,
j
n
))
= lim
n→∞
1
nh
R(r,h−r)
(
i+ ξ r
n
,
j+ γ (h− r)
n
)
, ∀i, j,
where41
(
Ri,j,n
) = Ri+1,j,n − Ri,j,n,42 (Ri,j,n) = Ri,j+1,n − Ri,j,n, and ξ, γ satisfy 0 < ξ < 1, 0 < γ < 1, respectively.
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Since
lim
n→∞
h!
nh
(n
h
)
= 1,
lim
n→∞ h!
(n
h
)(
4h−r2 4r1
(
Ri,j,n
)−4h−r2 4r1 (R( in , jn
)))
= 0, ∀i, j. (23)
Applying (23) and Theorem 2, it can be found that there exist ε(ε > 0) and N(N > 0), ∀n > N,∀i, j, we have∥∥b(r,h−r)n − R(r,h−r)∥∥ ≤ ∥∥b(r,h−r)n − B(r,h−r)n (R)∥∥+ ∥∥B(r,h−r)n (R)− R(r,h−r)∥∥
=
∥∥∥∥∥ n−h∑
i+j=0
h!
(n
h
)(
4h−r2 4r1
(
Ri,j,n
)−4h−r2 4r1 (R( in , jn
)))
· Bi,j,n−h(u, v)
∥∥∥∥∥
+ ∥∥B(r,h−r)n (R)− R(r,h−r)∥∥
≤ max
i,j
h!
(n
h
) ∥∥∥∥4h−r2 4r1 (Ri,j,n)−4h−r2 4r1 (R( in , jn
))∥∥∥∥+ ∥∥B(r,h−r)n (R)− R(r,h−r)∥∥
< ε/2+ ε/2
= ε.
Finally, we obtain
∥∥∥b(r,h−r)n − R(r,h−r)∥∥∥ ⇒ 0, when n→∞. 
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